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Abstract

This paper uses distortions of the bivariate Gaussian copula to produce a heavy

tail for expected portfolio loss distribution in the context of synthetic Collat-

eralized Debt Obligations (CDOs). We demonstrate that when the distorted

copulas are used within the JP Morgan CDO pricing formula, as an example,

we can simulate quite realistic tranche prices. Furthermore, we need only one

dependence parameter for the entire portfolio instead of one per tranche. This

method may allow practitioners to price CDOs more accurately than with other

versions of the Gaussian copula and with fewer correlation parameters.

1 Introduction

The current standard for pricing Collateralized Debt Obligations (CDOs) is the

Gaussian One Factor Model(GOFM). One of the fundamental problems with

the GOFM is that it is not able to reproduce realistic tranche prices (or be fitted

to CDO data) given a single dependence parameter. The problem is due to the

fact the tail of the Gaussian copula falls away too rapidly. In this chapter, I show

how it is possible to induce a so-called heavy tail in the copula by making use of

distortion functions. Moreover, I demonstrate via simulation how a transformed

Gaussian copula is able to produce realistic synthetic CDO tranche prices, given

a single dependence parameter for an entire portfolio.
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2 Distortions

The general framework for applying distortions to copulas was presented by

Genest at a conference in Barcelona in 2000 and formally described as trans-

formations in an article by Durrlemann, Nikeghbali and Roncalli [2]. Nelsen [1]

also refers to distortions in his book as multiplicative generators. distortions

are bijective maps which take existing copulas to new copulas.

Let C be a bivariate copula and ψ : [0, 1] → [0, 1] be a bijective map, then

Cψ(u, v) = ψ[−1](C(ψ(u), ψ(v))), u, v ∈ I = [0, 1]. (1)

Strong conditions, see [2], required to ensure Cψ(u, v) is a copula are that on

[0,1]

1. ψ is concave

2. ψ is strictly increasing

3. ψ is continuous and twice differentiable, and

4. ψ(0) = 0 and ψ(1) = 1.

A distortion is called strict if ψ[−1](t) = ψ−1{max(t, ψ(0))} then ψ[−1] ≡ ψ−1.

That is, ψ has an inverse ψ−1, as opposed to the weaker condition of having a

psuedo-inverse ψ[−1].

Van der Hoek and Sherris (unpublished manuscript) have shown that condition

3 can be exchanged with

3a. piecewise continuous and once differentiable

given that the other conditions hold. I will use an example of their piecewise

linear distortion in the CDO pricing framework later in this chapter. Durrleman

et al [2] also give weak conditions for Cψ(u, v) to be a copula, which does not

require (1) concavity, but requires that one can prove the transformed density

copula of Cψ(u, v) is positive on the open interval (0, 1) × (0, 1).
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The distorted copula density is given by

∂2

∂u∂v
Cψ(u, v) =

ψ′(u)ψ′(v)

[ψ′(Cψ)]3

{

[ψ′(Cψ)]2
∂2

∂u∂v
C(ψ(u), ψ(v))

− ψ′′(Cψ)
∂

∂u
C(ψ(u), ψ(v)) ∂

∂v
C(ψ(u), ψ(v))

}

.

(2)

The relationship between any distortion ψ and an Archimedean copula generator

φ is ψ(t) = exp(−φ(t)).

2.1 Conditional Distribution of a distorted copula

The first derivative of a distorted copula with respect to the second argument

v is

∂

∂v
Cψ(u, v)=

∂
∂v
C(ψ(u), ψ(v))

ψ′[ψ−1{C(ψ(u), ψ(v))}]ψ
′(v) (3)

Substituting for u and v with known marginal distributions F (x), G(y) we get

∂

∂v
Cψ(F (x), G(y))=

∂
∂v
C(ψ(F (x)), ψ(G(y)))

ψ′[ψ−1{C(ψ(F (x)), ψ(G(y)))}]ψ
′(G(y)) (4)

where ψ′ is the first derivative of the distortion function. Particular examples

of this distorted conditional distribution will be used within the CDO pricing

formulae later in this article.

I will now present examples of distortion functions, followed by some new fam-

ilies of bivariate copulas. The functions will be divided into five groups,

1. A selection of those described by Morillas [4],

2. A selection of those described by Durrleman et al. [2],

3. A new one developed by the current authors,

4. A piecewise linear example attributed to van der Hoek and Sherris [6],

and

5. Compositions and convex combinations of those in the first three groups.
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2.2 Distortions described by Morillas

ψ(t) ψ−1(t) restrictions

ln(γt+ 1)

ln(γ + 1)
exp[t ln(γ+1)]−1

γ γ > 0 (5)

1 − exp(−αt)
1 − exp(−α)

− ln[1−(1−exp(−α))t)]
α α > 0 (6)

tα

2 − tα

(

2t
1+t

)1/α

α ∈ (0, 1/3]. (7)

Morillas has a list of 24 distortions in [4], some of which have been described in

[2].

2.3 A new distortion

ψ(t) ψ−1

erf(t/
√

2)

erf(1/
√

2)

√
2erf−1[erf(1/

√
2)t] (8)

The second derivative of (8) is

−t
√

2 exp(−t2/2)
√
πerf(1/

√
2)

Proving condition 2 above, amounts to showing that

erf(a/
√

2) < erf(b/
√

2)

which is true for a, b ∈ [0, 1] such that a < b. The other conditions above are

satisfied.
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Given the relationship between the erf function, standard normal distribution

function, Φ, then

ψ(t) =
2Φ(t) − 1

2Φ(1) − 1
(9)

is also a distortion.

2.4 Distortions described by Durrleman et al.

ψ(t) ψ−1(t) restrictions

t1/α tα α ≥ 1 (10)

sin(
πt

2
) 2

π arcsin(t) (11)

(β1 + β2)t

β1t+ β2

β2t
β1+β2−β1t

β1, β2 > 0 (12)

4

π
arctan(t) tan(πt4 ) (13)

The distortions in figure 1 are from equation (12) with β1 = 1 and β2 = 1/4

shown as [- -] , equation (11) shown as [-.-], equation (5) with γ = 3 shown as

[—], and the identity t shown as [....].

The second conjecture of Durrleman et al., allows us to form new distortions

from convex combinations of the distortions in table 1. That is, if ψ1(t) is a

continuous, twice differentiable distortion with inverse ψ−1
1 (t) for t ∈ [0, 1] then

so is ψ(t) = 1 − ψ−1
1 (1 − t). Hence, we also have
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Figure 1: Comparison of distortions

ψ(t) ψ−1(t) restrictions

(γ + 1) − exp[ln(γ + 1)(1 − t)]

γ
1 − ln(γ(1−t)+1)

ln(γ+1) γ > 0 (14)

1 + ln[t+ (1 − t) exp(−α)]

α
exp[−α(1−t)]−exp(−α)

1−exp(−α) α > 0 (15)

1 −
(

2 − 2t

2 − t

)1/α
2−2(1−t)α

(1−t)α−2 α > 1/3 (16)

1 −
√

2erf−1[erf(1/
√

2)(1 − t)] 1 − erf((1−t)/
√

2)

erf(1/
√

2)
(17)

Morillas describes other conjectures for creating new generators from old ones,

for example given two distortions ψ1(t) and ψ2(t), ψ(t) = tψ1(t) + (1 − t)ψ2(t)

is also a distortion function. Hence, many other examples are possible.
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2.5 Piecewise linear distortions

An N knot piecewise linear distortion is defined as

ψ(t) =
N

∑

i=0

yi(t)I[βi < t ≤ βi+1], (18)

where

y0(t) = η1
β1
t, if 0 ≤ t ≤ β1

yi(t) = ηi +
( ηi+1−ηi

βi+1−βi

)

(t− βi), if βi < t ≤ βi+1

for i = 1, . . . , N − 1

yN (t) = ηN +
(

1−ηN

1−βN

)

(t− βN ), if βN < t ≤ 1

and for concavity, we require that

ηi − ηi−1

βi − βi−1
>
ηi+1 − ηi
βi+1 − βi

. (19)
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Figure 2: Piecewise linear distortion

In this example β = (0.1 0.3 0.5 0.7) and η = (0.4 0.7 0.85 0.95).

7



The inverse of the N knot distortion is ψ−1(t) =
∑N

i=0 gi(t)I[ηi < t ≤ ηi+1],

where

g0(t) = β1

η1
t, if 0 ≤ t ≤ η1

gi(t) = βi +
(βi+1−βi

ηi+1−ηi

)

(t− ηi), if ηi < t ≤ ηi+1

for i = 1, . . . , N − 1

gN(t) = βN +
(

1−βN

1−ηN

)

(t− ηN ), if ηN < t ≤ 1

A proof that piecewise linear distortions of a copula leads to another genuine

copula, is given in an unpublished manuscript and is available upon request.

2.6 Composition of distortions

Creating new distortions from the composition of existing distortions allows for

greater flexibility. That is, if ψ1(t) and ψ2(t) are continuous, twice differentiable

distortions for t ∈ [0, 1] then so is their composition ψ(t) = ψ1(ψ2(t)). For

example,
ln(γt1/α + 1)

ln(γ + 1)
, α ≥ 1, γ > 0 (20)

2Φ
[ (β1+β2)t
β1t+β2

]

− 1

2Φ(1) − 1
, γ, β1, β2 > 0. (21)

ln
(

γ 2Φ(t1/α)−1
2Φ(1)−1 + 1

)

ln(γ + 1)
, α ≥ 1, γ > 0 (22)

A large number of alternative compositions are possible and lead to new families

of copulas when applied to existing copulas.

3 Distorted Gaussian Copula Model

In this section we apply a variety of distortions to the Gaussian copula, calculate

the conditional distribution and use it within the JPMorgan pricing framework

to simulate synthetic CDO tranche prices. The results are copmared to the

original Gaussian One Factor Model (GOFM). In all cases, we will follow the

general pricing strategy set out by McGinty and Ahluwalia in [5].
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Let H(z, v) represent the continuous joint probability distribution between a

firm’s asset value, A, and some global factor, V, and their individual cumulative

distributions be F1(z) and F2(y), respectively. Sklar’s Theorem (see chapter 1)

enables us to link H to any copula, that is

P(A ≤ z, V ≤ y) = H(z, y) = C(F1(z), F2(y)). (23)

Hence, in the case of the original Gaussian copula with dependence parameter

ρ, we had

P(A ≤ z, V ≤ y) = Φ2(Φ
−1(F1(z)),Φ

−1(F2(y)); ρ). (24)

In our new framework we want the joint distribution to be represented by

P(A ≤ z, V ≤ y) = Cψ(F1(z), F2(y)).

In terms of the Gaussian copula, we have

Cψ(F1(z), F2(y)) = ψ(−1)[Φ2(Φ
−1(ψ[F1(z)]),Φ

−1(ψ[F2(y)]; ρ)]. (25)

In the original Li Model [3], which I call GOFM, the margins for log asset return

and global variables are considered to be standard normal random variables.

The Gaussian copula reverts back to the bivariate normal distribution in this

case, since Φ−1(Φ(z)) = z and Φ−1(Φ(y)) = y. In that case, if the dependence

was the same for all assets then ρ could be interpreted as the pairwise asset

correlation.

In this paper, I am assuming that ρ merely represents a general dependence vari-

able rather than linear correlation. Furthermore, I will assume that F1 is defined

as PD (probability of default) in an article by McGinty and Ahluwalia [5], see

below, and F2 is standard normal.

From equation (4), the conditional probability that a firm defaults given the

realization of global factor V, p(V ) is

p(V ) =

Φ

(

Φ−1(ψ[F1(z)])−ρΦ
−1(ψ[F2(y)])√

1−ρ2

)

ψ′(F2(y))

ψ′(ψ(−1)[Φ2(Φ−1(ψ[F1(z)]),Φ−1(ψ[F2(y)]); ρ)])
(26)
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3.1 JPMorgan CDO pricing formula

In the JPMorgan framework, h be the horizon date is defined as

h = (DM −DV )/360 (27)

where DM is Maturity date, DV is the valuation date measured in days. If R

is the recovery rate, then the so-called cleanSpread (Cs) of the portfolio is

Cs =
spd

1 −R
, (28)

where spd is the average credit spread of the entire portfolio in basis points.

If the portfolio was made up of a large number of CDS’s then one would have

to calculate the mean of 125 CDS spreads. In order to get a single value for

individual default probability, the mean of all individual default probabilities in

the portfolio is taken as

PD(h) = 1 − e−(Cs.h/10000). (29)

As mentioned above, we will substitute PD for the firm’s asset value cumulative

distribution, F1(z) and use that in our simulations. Hence, the model is con-

sistent with other structural models in which a firm/obligor is assumed to have

defaulted if the value of their assets has fallen below a certain threshold. Thus,

the original conditional distribution had the form

p(V ) = Φ

(

Φ−1(PD(h)) −√
̺V√

1 − ̺

)

(30)

From equation (26) we replace the equation above with

p(V ) =

Φ

(

Φ−1(ψ[PD(h)])−ρΦ−1(ψ[F2(y)])√
1−ρ2

)

ψ′(F2(y))

ψ′(ψ(−1)[Φ2(Φ−1(ψ[PD(h)]),Φ−1(ψ[F2(y)]); ρ)])
(31)

Portfolio loss PFL, given any particular realization of V is

PFL(y) = p(V=y)(1 −R). (32)
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Let Ntl be the notional of the entire portfolio, then tranche loss TL, given any

particular realization of V is

TL(y) = min(max(PFL(y)Ntl, 0),KUNtl)/Ntl. (33)

where KU is the tranche upper attachment point. The total expected tranche

loss is calculated numerically by approximating the standard formula

E(TL) =

∫

R

TL(y)f2(y)dy (34)

That is, we integrate across all values of V using a simple method such as the

Trapezoidal method.

The figure below compares the Expected tranche loss using (1) the original

Gaussian copula [*], (2) distortion (12)[+] with β1 = 1 and β2 = 0.5, applied to

the Gaussian copula and (3) the piecewise multinode distortion [o] with β = (

0.3 0.4 0.5 0.7) and η = (0.65 0.85 0.93 0.97) also applied to the Gaussian copula.

F2(v) is assumed to be standard normal. It is evident that both distortions lift

the tail of the loss distribution markedly.

Several tables are shown below. The first table shows MID quotes (mean of

BID and ASK prices) of iTraxx series 3 and 4 CDO tranches on dates specified.

Except for the 0− 3% tranche, quotes are in basis points (bps). The partial set

of data were kindly provided by CreditFlux Newsletter. Given that a complete

set of data was not accessible, it was not possible to make a direct comparison

between the real data and simulations, so feasible parameter values were chosen

and fair tranche prices simulated and shown in tables below. A variety of

distorted Gaussian copulas (see paragraph with each table for details) were

used and a horizon time of 1 year applies in all cases.

As in the figure for expected tranche loss, above, CDO tranche prices were

simulated using (1) the original Gaussian copula (GOFM), (2) distortion (12)

with β1 = 1 and β2 = 0.5 (DURL), applied to the Gaussian copula and (3) the

piecewise linear multiknot distortion (PWLD) with β = ( 0.3 0.4 0.5 0.7) and

η = (0.65 0.85 0.93 0.97) also applied to the Gaussian copula. Average credit
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Figure 3: Comparison of Expected tranche loss

spread spd was 40 bp and the dependence parameter set to ρ = 45% for every

tranche. Recovery rate was set to 40%.

In the first comparison, the PWLD was set up to produce slightly lower prices

than the distortion of Durrleman. In the second comparison, however, some

parameters were changed so that the converse was set up.

In table (2.3.3) average credit spread spd = 35 bp and the dependence parameter

ρ = 0.45 The parameters in the Durrleman distortion were set the same as in

the previous example, whereas in the multinode distortion, β = (0.17 0.23 0.35

0.6) and η = (0.55 0.7 0.85 0.9).

Two log distortions of the Gaussian copula are compared to that of the original

Gaussian copula (GOFM) in table (2.3.4). The first distortion is shown in

equation (5) (LOG) with γ = 5, and the second is the composition of equation

(5) and
√
t (LOG SQ) also with γ = 5. average credit spread spd is 40 bp and

the dependence parameter ρ = 0.45
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TRANCHE QUOTE (S4) IMPLIED QUOTE (S3) BASE

21 FEB 06 CORR 12 APRIL 05 CORR

% bps % bps %

0-3 26.3% 12% 23.8% 20

3-6 78.0 3 151.0 29

6-9 25.0 12 46.0 37

9-12 11.5 17 21.0 43

12-22 5.3 24 13.5 59

Table 1: iTraxx Europe series 3 and 4 MID quotes

TRANCHE GOFM DURL PWLD SIM CORR

% bps bps bps %

0-3 18.76% 16.51% 17.22% 45

3-6 67.13 194.75 160.99 45

6-9 9.75 50.25 33.73 45

9-12 1.95 15.03 8.81 45

12-22 0.18 2.12 1.08 45

Table 2: Comparison of simulated fair prices 1

TRANCHE GOFM DURL PWLD SIM CORR

% bps bps bps %

0-3 16.34% 14.60% 14.18% 45

3-6 49.60 153.39 181.52 45

6-9 6.78 36.93 43.38 45

9-12 1.29 10.48 12.49 45

12-22 0.11 1.40 1.71 45

Table 3: Comparison of simulated fair prices 2

The same log distortions with γ = 5 are used in table (2.3.5), however the spd is

35 bp. Other combinations of distortions could be tried and give quite promising
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TRANCHE GOFM LOG LOG SQ SIM CORR

% bps bps bps %

0-3 18.76% 16.80% 17.45% 45

3-6 67.13 178.66 133.33 45

6-9 9.75 44.88 36.40 45

9-12 1.95 13.099 11.83 45

12-22 0.18 1.79 1.78 45

Table 4: Comparison of simulated fair prices 3

TRANCHE GOFM LOG LOG SQ SIM CORR

% bps bps bps %

0-3 16.34% 14.83% 15.28% 45

3-6 49.60 140.59 107.10 45

6-9 6.78 32.93 27.9 45

9-12 1.29 9.12 8.66 45

12-22 0.11 1.18 1.22 45

Table 5: Comparison of simulated fair prices 4

results. An extra advantage of the PWLD is that it can be fitted to any other

distortion. However, some of the distortions may be faster to compute or easier

to fit to data. Margins can also be changed, for example changing F2(v) to a

Skew t distribution.

4 Conclusion

We have provided another method for producing a heavy tailed portfolio loss

distribution, and were able to simulate tranche prices similar to those of iTraxx

series 3 and 4. Our method was applied to Collateralized Debt Obligations and

can be applied to other credit derivatives, such as options and credit default

swaps. It is hoped that this will be of benefit to those in the finance industry,
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as well as other academics working in this area.
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